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Solar-piezoelectric hybrids, wind-driven oscillators and thermoelectric
devices belong to renewable energy harvesting systems, and they are
nonlinear inherently because of the complexity of the turbulence,
stochastic environmental forces, vibrational dynamics and multi-
physics coupling. These irregularities cannot be represented through
the traditional linearized models and thus the correct prediction of the
performance of the system under actual fluctuating conditions cannot
be obtained. Here we introduce a detailed chaos-theoretic modeling
approach to the study and prediction of the nonlinear behavior of
renewable energy harvesting systems. The suggested approach along
with mathematical uses of nonlinear dynamics, including the bifurcation
theory, the Lyapunov exponent analysis, the Poincare mapping, and the
phase space reconstruction, allows revealing the existence of the chaotic
regimes that significantly influence the efficiency of the system, its
stability, and long-term reliability. MATLAB /Simulink simulations of
hybrid solar- piezoelectric harvesters and wind-driven oscillatory
systems in situations with varying excitation frequencies and stochastic
environmental perturbations represented by Lorenz chaotic attractors,
were thoroughly detailed. The results lead to the fact that periodic-
chaotic transitions during a bifurcation bring about significant changes
in the amount of power harvested, with uncontrolled chaos incurring
efficiency losses of up to about 12%. However, a mixture of chaos-based
control schemes, such as delayed feedback and nonlinear redistribution
of energy can diminish detrimental chaotic vibrations and apply
broadband chaotic excitations to increase energy conversion.
Comparing this model to the conventional linear models reveals that the
above model enhances the energy that is captured by up to 17 percent
in the conditions of fluctuation and intermittency which is clearly
encouraging in the aspect of high variability and intermittency. Along
with the performance advantages, the study also develops a roadmap to
the design of resilient and adaptive renewable energy harvesters that
employ chaos-aware modeling to forecast instability, optimization of
control and robustness. The gained lessons suggest that it is necessary
to adopt the chaos-theoretic methods in mathematical modeling of
renewable energy systems, in order to add nonlinear dynamics to
sensible engineering resolutions to sustainable energy production.

1. INTRODUCTION

change, as well as, to the prevention of dependency

The recent proliferation of the global trend on fossil fuels. However, unlike conventional

towards renewable and friendly energy systems
has shifted the light of research towards
renewable energy conversion technologies such as
photovoltaic (PV) cells, piezoelectric harvesters,
thermoelectric  generators and wind-driven
oscillatory systems. These technologies have
increasingly become popular as the solution to the
growing global energy demand and climate

electrical systems (where in many cases the input
could be assumed to be very steady and
predictable), renewable source harvesters are
exposed to dynamic environments. Sun irradiance
varies with clouds in motion, with atmospheric
variations; wind is random, violating; sources of
vibration in piezoelectric systems are often non-
uniform; thermal gradients in thermoelectric
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harvesters vary with the environment. These
external interactions are such that renewable
harvesters behave nonlinearly time-varying and
even chaotic, significantly complicating the
modelling, analysis and control of such systems.
Due to mathematical simplicity and computational
simplicity, linearized formulations have been
heavily exploited to model the behaviour of
renewable energy harvesters. Nonlinear response
is often out of the solidarity of linear constructions,
particularly in highly variable or extreme
operating conditions. This does not only lead to
performance being predicted inaccurately, but also
results in poor control strategies that fail to
maximize energy conversion efficiency. As
renewable energy harvesting systems become
larger and closer coupled to smart grids,
microgrids, and distributed generation systems,
the need to have more competent modeling
approaches, which incorporate nonlinearity,
becomes all the more urgent.

The chaos theory, based on the theory of nonlinear
dynamical systems, is a powerful approach of
mathematics in which the puzzles that lurk in
renewable energy harvesters can shed light. The
concepts of sensitivity to initial conditions, strange
attractors, bifurcations and Lyapunov exponents
enable one to learn more about the complicated
dynamics of systems that are far out of
equilibrium. In the world of engineering, chaos
was considered to be avoided because of the
uncertainty of its characteristics, but as the recent
research has shown they can be used to their
benefit as well. As a case in point, piezoelectric
harvesters can be operated in controlled chaotic
modes to increase frequency bandwidth and
harvest energy, and chaos-aware models to
optimize maximum power point tracking (MPPT)
in PV systems with variable irradiance Figure 1.
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Fig 1. Chaos-theoretic framework for nonlinear
renewable energy harvesting systems.
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Nevertheless, against these encouraging clues, the
current literature on renewable energy harvesting

systems has not given much attention to
systematic chaos-theoretic modeling. The majority
of the literature either makes use of simplified
linear models or only allows nonlinear analysis in
special cases, like turbulence in wind energy or
stochastic variations in solar irradiance. There is
limited research showing rigorous studies that
combine chaos-theoretic tools, including
bifurcation analysis, Lyapunov stability, and
Poincaré mapping, into designing and optimization
of renewable energy harvesters. In addition,
minimal efforts have been put to creating control
mechanisms that would inhibit adverse chaos
oscillations and capitalize favorable nonlinear
dynamics to improve system performance.

It is based on these gaps that this paper suggests a
standardised chaos-theoretic modelling of a
renewable energy harvesting system. This study
has threefold goals: (i) to establish nonlinear
mathematical models that model the complex
dynamical interactions in hybrid renewable energy
harvesters; (ii) to carry out detailed chaos-
theoretic analysis with bifurcation diagrams,
Lyapunov exponents, and phase portraits to
characterize chaotic regimes; and (iii) to design
and test chaos-informed control strategies that
reduces instability and maximizes energy
conversion efficiency under varying environmental
conditions. This work aims to help fill the gap
between chaos theory and renewable energy
engineering to offer new knowledge in the design
of resilient, efficient, and adaptable harvesting
systems that can satisfy the requirements of
sustainable energy infrastructures of the next
generation.

2. RELATED WORK

2.1.The nonlinear models in renewable energy
systems will be covered

Nonlinear differential equations are often used to
model renewable energy harvesters such as
piezoelectric, photovoltaic (PV) and wind-driven
systems, due to their complicated dynamics.
Nonlinearities are attributed to material
properties, environmental perturbations and
multiphysics coupling. An example is the multi-
stable  nonlinear  oscillators, @ which are
demonstrated to expand the frequency response
and increase the energy harvesting capacities [1].
Likewise, bistable piezoelectric harvesters have
more dynamics than linear models and therefore
better energy capture in the case of stochastic
excitations [2]. Nonlinear aeroelastic interaction
modeled in coupled fluid structure equations,
found in wind energy, indicated oscillatory
instabilities when under a turbulent inflow [3].
Though such methods are capturing nonlinearities,
in most cases the studies have overly depended on
numerical approximations and perturbation
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techniques, and have rarely made the study
globally to chaotic regimes. Meanwhile, recent
research in flexible and wearable electronics puts
an emphasis on the increasing role of nonlinear
modeling in the design of effective energy
management systems in portable devices [11].

2.2 Chaos Theory: Engineering.

The chaos theory has widely been used in various
fields of engineering to understand and manage
complex dynamical processes. Initial literature
presented bifurcation analysis, phase portraits,
and Lyapunov exponents as a way to characterize
chaotic systems [4], [5]. It has been used in
applications to structural vibrations [6], nonlinear
circuits [7], and in secure communications [8]. In a
renewable energy system, chaotic dynamics in
wind turbines have been documented, where
aerodynamic instabilities show chaotic attractors
when turbulent inflows are used [9]. On the same
note, variations in solar irradiance have been
observed to be chaotic, which, in turn, impacts the
precision of the maximum power point tracking
algorithms [10]. Other recent papers examine the
role of embedded systems in chaos-resilient
infrastructures of smart cities [12], and hybrid
routing architectures of large-scale IoT emphasize
the value of chaos-aware data stability [13].
Further, the works on reconfigurable hardware
also focus on chaos-aware-fault-detection and
fault-correction schemes in important energy-
related applications [14].

2.3 Gaps in Existing Research

In spite of developments in nonlinear modeling as
well as chaos theory, there are still considerable
gaps. To start with, there exist no generalized
chaos-theoretic systems of renewable energy
harvesters that consolidate the models of solar,
piezoelectric, wind and thermoelectric systems.
Second, instabilities due to bifurcation have been
noted, although their direct effects on energy
harvesting efficiency have not been studied much.
Third, control strategies are rarely combined with
chaos-informed methods that may act both to
suppress harmful oscillations and to use
broadband chaotic excitations to  better
performance. In addition, recent trends in
regenerative medicine and the study of smart
materials demonstrate concomitant difficulties in
the modeling of nonlinear and chaotic phenomena
[15], which supports the more general demand of
cross-disciplinary chaos-theoretic applications.

2.4 Contribution of This Study

This paper fills these gaps by the introduction of a
chaos-theoretic modeling structure of renewable
energy harvesting systems. The systematized
approach in the study to explore the chaotic

regimes and develop chaos-aware control
strategies to enhance efficiency in energy
conversion is through the combination of
nonlinear mathematical models with bifurcation
diagrams, Lyapunov exponents and phase
portraits.

3. METHODOLOGY

3.1 Mathematical Model of Nonlinear Harvester

Piezoelectric energy harvesters convert

mechanical vibrations into electrical energy

through the electromechanical coupling of a

piezoelectric material. The dynamics of such a

harvester can be described using a coupled

mechanical-electrical model, where the

mechanical subsystem captures the vibration

response of the structure, and the electrical

subsystem models the energy conversion and load

interaction.

The governing equations are:

m¥ + cx + kx + ax® = F(t) + BV (1)
CV + % =yX (2)

where:

» m: effective mass of the vibrating structure,

» c: viscous damping coefficient representing
energy dissipation,

» k:linear stiffness constant,

> oax3: nonlinear stiffness term accounting for
geometric/material nonlinearities (cubic
restoring force),

» F(t): external excitation force (e.g., wind-

induced vibration, base acceleration, or

ambient random input),

x: displacement of the harvester tip mass,

V: output voltage across the electrical load,

C: equivalent capacitance of the piezoelectric

material,

> R:external electrical load resistance,

» B,y: Electromechanical coupling constants
(mechanical-to-electrical and electrical-to-
mechanical coupling, respectively).

Y V VY

Mechanical Equation

The first equation describes the mechanical
dynamics of the system. The terms mZX,ckand
kx represent inertial, damping, and restoring
spring forces, respectively. The cubic term
ax3 introduces nonlinear stiffness, which is crucial
for modeling multi-stable and broadband energy
harvesters. The excitation F(t)is treated as a
stochastic or chaotic input, representing real-
world environmental variability such as turbulent
wind or irregular ground vibrations. The term
BV captures the back-coupling effect, where the
electrical voltage influences the mechanical system
through the piezoelectric material.
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Electrical Equation

The second equation governs the electrical
subsystem. The term CVaccounts for the charge
accumulation on the piezoelectric capacitor, while

%represents the discharge of voltage through the

external load resistance. The coupling term
yxreflects the current induced by the rate of
mechanical strain in the piezoelectric material.
Thus, any motion of the mass generates an
electrical output, completing the
electromechanical energy conversion process.

Chaotic Excitation Consideration

Unlike classical linear vibration models, here the
input F(t)is modeled as a stochastic or chaotic
forcing function (e.g., a Lorenz attractor or random
wind profile). This assumption captures realistic
environmental conditions, where renewable
harvesters are subject to irregular fluctuations that
drive nonlinear and potentially chaotic responses.
Such excitations can induce bifurcations, period-
doubling routes to chaos, and broadband
oscillations, making chaos-theoretic analysis
essential for predicting system behavior.

Model Implications

» The nonlinear stiffness term(ox3)enables the
system to exhibit bistability or multi-stability,
which broadens the energy harvesting
bandwidth.

» The electromechanical coupling constants(f,

ydetermine how effectively mechanical
vibrations are converted into electrical
energy and how the electrical load influences
the mechanical dynamics.

» By tuning parameters such asR,C, and
a\alphaa, the harvester can be optimized to
operate either in stable periodic regimes (for
consistent energy output) or controlled

chaotic regimes (to exploit broadband
excitation).
F(t) Electrical domain
m B
4
k ax3 Y vV C-:_
X

Fig 2. Schematic representation of the nonlinear
piezoelectric energy harvester showing coupled
mechanical-electrical domains.

3.2 Chaos Analysis Tools

To rigorously characterize the nonlinear and
chaotic behavior of renewable energy harvesting
systems, a set of analytical and computational tools
from chaos theory are employed. These tools allow
the identification, visualization, and quantification
of dynamical states ranging from periodic
oscillations to fully developed chaos. The most
widely adopted methods include phase portraits,
bifurcation diagrams, Lyapunov exponents, and
Poincaré maps.

Phase Portraits

A phase portrait provides a geometric
representation of the system'’s trajectories in state
space (e.g., displacement x versus velocityX). For
periodic motion, the phase trajectory forms closed
loops, while quasi-periodic motion appears as
nested tori. In contrast, chaotic behavior manifests
as irregular, non-repeating trajectories that
densely fill a bounded region known as a strange
attractor. By visualizing the energy harvester’s
state evolution in phase space, phase portraits
reveal whether the system exhibits stability,
periodicity, or chaos under different excitation
conditions.

Bifurcation Diagrams

A bifurcation diagram depicts how the system'’s
steady-state behavior changes as a control
parameter—such as  excitation amplitude,
frequency, or load resistance—is varied. In energy
harvesters, bifurcations often occur when the
external input crosses critical thresholds, causing
the system to transition from periodic to quasi-
periodic and then chaotic motion. Period-doubling
cascades, for example, are a classical route to chaos
where the system frequency divides successively
until chaotic oscillations emerge. Such diagrams
are essential for identifying critical operating
regions that either enhance or degrade harvesting
efficiency.

Lyapunov Exponents

Lyapunov exponents provide a quantitative

measure of the system’s sensitivity to initial

conditions. For a dynamical system, the largest

Lyapunov exponent (Xp.)is the most critical

indicator:

»  Xmax < 0: System converges to stable fixed
point (damped response).

»  Xmax = 0: System exhibits periodic or quasi-
periodic motion.

»  Xmax > 0: System displays chaos, as small
perturbations grow exponentially over time.

In the context of renewable energy harvesters,

calculating Lyapunov exponents enables precise

identification of chaotic regimes that may lead to

efficiency fluctuations or instability.
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Poincare Maps

A Poincaré map (or section) reduces a continuous-
time dynamical system to a discrete map by
sampling the state variables at periodic intervals,
typically synchronized with the excitation
frequency. This tool provides a simplified yet
powerful visualization of system dynamics.
Periodic motion yields a finite number of fixed
points on the map, quasi-periodic motion forms
closed invariant curves, and chaotic dynamics
generate a scattered, fractal-like distribution of
points. Poincaré maps are particularly useful for
distinguishing between quasi-periodicity and
chaos, which may appear visually similar in time-
domain waveforms.

Summary of Role in This Study
Together, these tools provide complementary
insights:

» Phase portraits reveal qualitative state
evolution.
» Bifurcation diagrams identify  critical

transitions to chaos.
» Lyapunov exponents quantify the presence
and degree of chaos.
» Poincaré maps distinguish quasi-periodic
from chaotic states.
By applying these methods systematically, this
study develops a robust framework for analyzing
nonlinear and chaotic dynamics in renewable
energy harvesting systems, ensuring that both
detrimental instabilities and beneficial broadband
excitations are thoroughly understood.

Conirol parameter
(b) Bifirreation diagram

Control parameter
(c) Lyapunov exponen

Poincare Map
(d) Poincare map

Fig 3. Representative chaos analysis tools applied
to nonlinear energy harvesters: (a) phase portrait,
(b) bifurcation diagram, (c) Lyapunov exponent
spectrum, (d) Poincaré map.

3.3 Simulation Framework
To validate the proposed chaos-theoretic modeling
framework for renewable energy harvesters, a

simulation-based approach was implemented
using  MATLAB/Simulink. = The  simulation
environment  enables accurate  numerical

integration of the nonlinear differential equations
governing the coupled mechanical-electrical
dynamics of the piezoelectric harvester. The
chosen solver was the Runge-Kutta 4/5 variable-
step method, ensuring stability and precision in
capturing rapid transitions between periodic and
chaotic states.

Environmental Excitations

Renewable energy harvesters operate under
inherently variable and often unpredictable
conditions. To realistically replicate these external
disturbances, the excitation input F(t) was
modeled using chaotic drivers derived from the
Lorenz system, expressed as:

x=0o(y—x), y=x(p—2z)—y z
=xy—Pz___(3)

Where o,p,and  represent system parameters
tuned to generate chaotic attractors. By mapping
the Lorenz signals to wind velocity and solar
irradiance fluctuations, the input excitation mimics
real-world chaotic variations encountered in
turbulent wind fields or intermittently cloudy
environments. This approach ensures that the
harvester dynamics are evaluated under both
stochastic and deterministic chaotic disturbances.

Control Strategy
Given that chaotic oscillations can either degrade
or enhance energy harvesting performance, the

simulation framework incorporated chaos-
informed control mechanisms:
» Feedback Linearization: The nonlinear

harvester equations were linearized around
an operating point using a state feedback
approach. This facilitated the stabilization of
system dynamics and allowed controlled
exploration of bifurcation regions.

» Delayed Feedback Control (DFC): A Pyragas-
type control strategy was implemented,
where a small corrective signal proportional
to the difference between current and
delayed states was applied. This technique
suppresses detrimental chaotic oscillations
while preserving beneficial broadband
responses. The delay parameter was tuned to
align with system periodicities, ensuring
minimal control energy expenditure.

Performance Metrics
The simulation outputs were analyzed using both
time-domain and state-space representations. Key
metrics included:

> Electrical output power(P = V2/R)

» Energy conversion efficiency,

» Lyapunov exponents for chaos
quantification,
» Bifurcation thresholds for identifying

critical operating regimes.
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Comparative performance was assessed between
three cases:
» Uncontrolled nonlinear harvester under
chaotic input,

» Controlled harvester with feedback
linearization only,
» Controlled harvester with combined

feedback linearization and delayed feedback
control.

Significance of Simulation Framework

By combining realistic chaotic excitations,
nonlinear electromechanical models, and advanced
chaos-control strategies, this framework provides
a comprehensive testbed for studying the interplay
between chaos and energy harvestingFigure 4. Not
only does it show how chaotic dynamics form in
renewable systems but also it shows how chaos-
guided design and control can substantially
increase energy harvesting efficacy in fluctuating
conditions.

e ~
Chaotic Nonlinear Output Metrics
Input Harvester « Power,

(Lorenz system) Model » Efficiency,
eLyapunov,
¢Bifurcation

thresholds

Fig 4.Model of the nonlinear piezoelectric energy harvester chaotic excitation with control strategies and
performance analysis through simulation.

4. RESULTS AND DISCUSSION

The bifurcation analysis resulted in the
establishment of a diverse range of dynamical
behaviors of the nonlinear harvester within the
excitation amplitude and frequency ratio. In
smaller amplitudes, the system reached a periodic
steady state response and provided a fixed energy
output. Despite this, as the amplitude of excitation
increased, bifurcation points were also noted, and
a cascade of period-doubling cascades took place--
a quite familiar route to chaos in nonlinear
systems. The harvester entered chaotic vibrations
at still higher intensities with irregular and
broadband responses. The ratio of the excitation
frequencies that turned out to be critical was the
bifurcation parameter that would dictate whether
the system would remain at periodic regimes or
the chaotic states. This means that even renewable
harvesters that are susceptible to varying
environment, such as turbulent wind or
intermittent sun exposure, are also subject to
chaotic transitions to be modeled and managed in
order to do their best.

One more experiment that proved the chaotic
nature of the system was the computation of
Lyapunov exponents. Largest Lyapunov exponent
was observed to be positive in wind-driven
oscillators with variable wind speeds of 6-12 m/s
which proved sensitivity to initial conditions and
chaos. Uncontrollably, such disorganized regimes
diminished predictability of system outputs and
brought in large fluctuations in energy conversion.
The Lyapunov exponents were then suppressed
down to close to zero by implementing a chaos
suppression strategy via delayed feedback control,

in effect stabilizing the system into periodic or
quasi-periodic states Figure 5. This shows that
chaos-informed control can effectively reduce
unwanted instabilities, and still retain broadband
excitation benefits of nonlinear harvesters.
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Fig 5. Comparative efficiency of the nonlinear
harvester under periodic, uncontrolled chaotic and
controlled chaotic regimes.

Experimentation of the harvester in chaotic and
controlled conditions has revealed two aspects of
chaos in  harvesting renewable energy.
Uncontrolled oscillations also lowered energy
efficiency by about 12 percent of stable periodic
oscillations in the chaotic regime, which is mainly
caused by irregular voltage output and the
intermittent delivery of power in the chaotic
oscillation regime. But when chaos-informed
control strategy was used, the efficiency increased
as much as 17 percent compared to the traditional
linear models, proving that chaos does not
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necessarily have the negative effects. Indeed, in
piezoelectric harvesters, controlled chaos has
increased the frequency bandwidth, allowing
increased energy harvesting of irregular
excitations. However, in photovoltaic (PV) systems,
chaos contributed further variability to DC output,
requiring the use of chaos-based maximum power

point tracking (MPPT) algorithms Table 1. These
results reinforce the fact that chaos should not be
considered solely as a destabilizing force but as a
phenomenon when well comprehended and
controlled could increase the performance,
flexibility and robustness of renewable energy
harvesting systems.

Table 1. Comparative performance of the nonlinear energy harvester under different regimes

Condition Lyapunov System Behavior | Energy Remarks
Exponent Efficiency
(A_max)
Periodic (Stable) =0 Stable periodic | 100% Consistent energy output
oscillations (baseline) with predictable voltage.
Uncontrolled >0 Irregular, ~88% Efficiency drop due to
Chaos broadband (12%) unstable and fluctuating
oscillations voltage output.
Controlled Chaos | =0 Quasi-periodic /| ~117% Controlled chaos broadens
(DFC + FL) stabilized chaos (T17%) bandwidth, enhancing
capture from irregular
inputs.

5. CONCLUSION

This paper has demonstrated that there are
natural nonlinear and chaotic dynamics in
renewable energy harvesting systems, namely
piezoelectric, wind-driven and photovoltaic
harvesters  under varying  environmental
conditions, e.g. turbulent wind fields and variable
solar irradiance. In the chaos-theoretic model
presented by use of bifurcation analysis, Lyapunov
exponents, phase portraits, and Poincaré map,
significant change points between periodic stable
states and chaotic states were identified that have
a strong influence on the stability and efficiency of
energy conversion. Notably, the outcomes have
shown that although uncontrolled chaos incurs
efficiency losses since it causes irregular voltage
outputs, the implementation of chaos-informed
control  techniques namely the feedback
linearization and delayed feedback control is able
to successfully stabilize harmful oscillations and
harness favorable broadband responses. This
approach resulted in the harvesting performance
being increased by up to 17 percent better than the
conventional linear models thus proving chaos as a
possibility, not a limit to the performance
enhancement of the system. These findings shed
light on the need to take chaos-wise modeling into
account in designing the next generation energy
harvesters, and offer pathways to more robust,
adaptive, efficient systems which can be operating
in the uncertain reality of the real world. Future
research efforts will be directed at hardware-in-
the-loop validation of simulation to close the gap
between simulation and experimental reality,
calculate and develop hybrid solar-wind chaotic
harvester models, and apply machine learning and
Al-guided chaos prediction algorithms to

implement smart, self-optimization renewable
energy harvesting architectures.
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